Department of Computer Science

Technical Report

Fast Convergence of Routing Games with Splittable Flows

George B. Mertzios

ISSN 0935–3232 · Aachener Informatik Berichte · AIB-2008-11 RWTH Aachen · Department of Computer Science · May 2008

The publications of the Department of Computer Science of RWTH Aachen University are in general accessible through the World Wide Web. http://aib.informatik.rwth-aachen.de/

Fast Convergence of Routing Games with Splittable Flows

George B. Mertzios Department of Computer Science RWTH Aachen University mertzios@cs.rwth-aachen.de

Abstract. In this paper we investigate the splittable routing game in a seriesparallel network with two selfish players. Every player wishes to route optimally, i.e. at minimum cost, an individual flow demand from the source to the destination, giving rise to a non-cooperative game. We allow a player to split his flow along any number of paths. One of the fundamental questions in this model is the convergence of the best response dynamics to a Nash equilibrium, as well as the time of convergence. We prove that this game converges indeed to a Nash equilibrium in a logarithmic number of steps. Our results hold for increasing and convex player-specific latency functions. Finally, we prove that our analysis on the convergence time is tight for affine latency functions.

1 Introduction

We investigate in this paper the splittable routing game in a network with two selfish players. The aim of each player is to route a flow demand from a source to a destination at minimum cost. This gives rise to a non-cooperative game. The players have possibly different demands (weighted flow). At each step of the game, one of the players reallocates his flow, such that his individual cost is minimized, assuming that the flow allocation of the other player remains unchanged (best response dynamics). The players are allowed to split their flow arbitrarily along any number of paths from the source to the destination (splittable flow).

This model was introduced in [1], where it is noted that the existence of Nash equilibrium points (NEP) follows from a classical result about convex games [2]. In [1] the uniqueness of NEP is investigated mainly. In particular, it has been proved that in a network with two nodes and multiple parallel links the NEP is unique under reasonable convexity assumptions on the latency functions. Recently, it has been proved that only the class of nearly parallel networks ensures uniqueness of NEP for any set of players and latency functions [3]. This model has been considered also from the perspective of the efficiency of equilibria, i.e. the social optimality [4,5,6,7]. For the special case of symmetrical players in a network the unique NEP is characterized as the minimum of a convex optimization problem [7]. This implies that the game with symmetric players is an exact potential game and thus the best response dynamics converge to a PNE [8].

The stability of NEP is a fundamental question in game theory and has been stated as a major issue for further research in the model under consideration [1]. The only result until now about this issue is that the two player game on a restricted network with only two nodes and two parallel links converges to the unique NEP [1]. To the best of our knowledge, nothing is known about the time of convergence in this model. The convergence issue in the closely related model of unsplittable flows has been investigated in the literature as well. Two main results in this context are the existence of exponentially long best response paths to PNE [9] and fast convergence to constant factor solutions on random best response paths [10]. Furthermore, the number of steps required to reach a NEP has been investigated for a variety of load balancing models using a potential-based argument in [11].

Another related model is that of a cost sharing mechanism. In contrast to our model, this mechanism is non-increasing in the number of players using an edge. This crucial property has been used for the multicast game with selfish players, in order to obtain a potential function for both splittable and unsplittable versions [12]. The splittable version of this model is similar to ours. Though, the existence of this potential function, which extends that of Rosenthal [13], seems not to be extensible to non-decreasing cost functions, as it is in our case.

In this article we prove that the game with two selfish players on a seriesparallel network G converges in a logarithmic number of steps to a NEP, starting at an arbitrary initial configuration. Here, we use the notion of convergence to a NEP in the sense of [1], i.e. that the strategy configuration, which in the present case is a point in a Eucledian space, is close to a NEP. Throughout this article we make the assumption that the latency functions are increasing and convex, which complies with the convexity assumptions of [1].

The proof of convergence is bazed on a potential-based argument. In particular, we define for every step t ∈ N a non-negative function (potential) Φ_G(t), which equals the amount of flow that is reallocated in the network G during step t. We prove that for every ε > 0 the value of this function is at most ε after a number of steps that is logarithmic in ε^{−1}. In a series-parallel network with m edges, the asymptotic convergence time is given in the main Theorem 1:

Theorem 1. The game converges to a Nash equilibrium in a logarithmic number of steps. In particular, after

t(ε) = O(log(m�ε))

steps, the potential Φ_G(t(ε)) is at most ε, for every ε > 0.

Note that this potential is not a function defined over the strategy configurations, but rather a measure of the distance between two consecutive steps in the best-response path. Thus, the existence of this function does not imply that the game under consideration is a potential game.

Furthermore, a lower bound on the convergence time is presented. Our analysis is tight in the case of affine latency functions. We remind that the routing problem in a network with a single convex objective can be solved in a standard way using convex programming techniques [14,15]. Thus, we assume that exact minimization is achieved at each step. Hence, we are interested only in the number of steps, in order to study the convergence time to a NEP.

The article is organized as follows. In Section 2 we investigate a network with two nodes and multiple parallel links as a special case of a series-parallel network. For this class of networks we provide a potential function that decreases strictly at every step after the second one. In Section 3 we generalize our analysis to arbitrary series-parallel networks. In particular, we provide a potential function that generalizes that of Section 2. In Section 3.3 this potential is used to prove Theorem 1. In Section 3.4 we obtain a lower bound on the convergence time, which is tight in the case of affine latency functions. Finally, some conclusions and open problems are discussed in Section 4.

2 A network of parallel links

2.1 Notation and terminology We consider a network G with source u, destination v and a set of m parallel links E = {1, 2, ..., m}, where the selfish players j ∈ {1, 2} wish to route an individual flow demand d_j from u to v at minimum cost each. W.l.o.g. we assume that the demands d_j are scaled in the interval (0, 1]. Let f_e and x_{e,j} denote the total flow and the flow of player j respectively on link e. Player j has on link e an increasing and convex player-specific latency function ℓ_{e,j}(f_e), which denotes the cost per unit of flow of player j on this edge. This latency implies that the cost function of player j on edge e is c_{e,j}(x_{e,j}, f_e) = x_{e,j}ℓ_{e,j}(f_e). The marginal cost function g_{e,j} (x_{e,j}, f_e) equals the first derivative of the cost function c_{e,j} with respect to x_{e,j}, i.e. g_{e,j} (x_{e,j}, f_e) = ℓ_{e,j} (f_e) + x_{e,j}ℓ^′_{e,j} (f_e).

Suppose that the players play alternating and let a step of the game denote the best response of the corresponding player. Denote by j(t) the player moving at step t, as well as by f^{(t)}_e and x^{(t)}_{e,j} the quantities f_e and x_{e,j} respectively after the execution of this step. Let furthermore f^{(0)}_e be the flow on link e in the initial allocation of the network. For every step t ∈ N let Δ^{(t)}_e = f^{(t)}_e − f^{(t−1)}_e and define the sets E^{(t)+} := {e ∈ E : Δ^{(t)}_e > 0} and E^{(t)−} := {e ∈ E : Δ^{(t)}_e < 0}.

Denote by g^{(s)}_{e,j(t)} = g_{e,j(t)}(x^{(s)}_{e,j(t)}, f^{(s)}_e ) the marginal cost of player j(t) on link e after the execution of step s. Denote furthermore by S^{(t)}_j ⊆ E the support of player j after the execution of step t, i.e. the set of the network links on which player j allocates a positive amount of flow. We remind that, since the cost of player j(t) is minimized at step t, then his marginal cost g^{(t)}_{e,j(t)} is equal to a quantity g^{(t)} on every link e ∈ S^{(t)}_{j(t)}, while the marginal cost on every of the remaining links is at least g^{(t)}.

2.2 The potential function The potential at step t ∈ N is defined by

Φ(t) := ∑ e∈E |Δ^{(t)}_e | ≥ 0 (1)

For every step t ∈ N, the potential Φ(t) equals the sum of the amounts of flow that are reallocated on all links during step t. Since the demands of the players remain constant, it holds that

Φ(t) = 2 ∑ e∈E^{(t)+}

|Δ^{(t)}_e | = 2 ∑ e∈E^{(t)−}

|Δ^{(t)}_e | (2)

Define now

λ := min

j∈{1,2},e∈E inf 0≤x≤d_1+d_2

{ℓ^′_{e,j}(x)} sup 0≤x≤d_1,0≤y≤d_2

{[xℓ_{e,j}(x + y)]^{′′}}

> 0 (3) which is a constant that depends only on the latency functions of the network. Due to the monotonicity and convexity of these functions, it holds that sup 0≤x≤d_1,0≤y≤d_2

{[xℓ_{e,j}(x + y)]^{′′}} ≥ [x_{e,j}ℓ_{e,j}(f_e)]^{′′} = 2ℓ^′_{e,j}(f_e) + x_{e,j}ℓ^{′′}_{e,j}(f_e)

≥ 2ℓ^′_{e,j}(f_e) ≥ 2 inf_{0≤x≤d1 +d2}{ℓ^′_{e,j} (x)} > 0

for all values of x_{e,j} and f_e. It follows that

0 < λ ≤ 1 2 (4) The following Lemma proves that Φ(t) decreases strictly at every step t ≥ 3 of the game.

Lemma 1. For every t ≥ 3, it holds that Φ(t) ≤ (1 − λ) Φ(t − 1).

Proof. We denote for the purposes of the proof the quantities f^{(t−2)}_e ,x^{(t−2)}_{e,j(t)} and j(t) by f_e,x_{e,j} and j respectively. For the marginal cost of player j on an arbitrary link e ∈ E after the execution of step t, it holds that

g^{(t)}_{e,j} = ℓ_{e,j} ( f_e+Δ^{(t−1)}_e + Δ^{(t)}_e ) + ( x_{e,j} + Δ^{(t)}_e ) ℓ^′_{e,j} ( f_e+Δ^{(t−1)}_e + Δ^{(t)}_e ) (5) We distinguish the following cases.

Case 1. Suppose that g^{(t)} ≥ g^{(t−2)}. Consider an arbitrary e ∈ E^{(t)−}. Due to the monotonicity and convexity of ℓ_{e,j}(f_e), the marginal cost function g_{e,j}(x_{e,j}, f_e) is non-decreasing in f_e. Since Δ^{(t)}_e < 0, player j allocated a positive amount of flow on e after step t − 2, i.e. e ∈ S^{(t−2)}_j . It follows that his marginal cost on e after step t−2 was equal to g^{(t−2)}. On the other side, since Δ^{(t)}_e < 0, his marginal cost on e after the execution of step t − 1 was greater than g^{(t)} and therefore greater that g^{(t−2)}, due to the assumption. It follows that the total flow f_e has been increased during step t − 1 by the other player, i.e. e ∈ E^{(t−1)+}. Thus, E^{(t)−} ⊆ E^{(t−1)+} ∩ S^{(t−2)}_j .

Since g^{(t)}_{e,j} ≥ g^{(t)} holds for any link e ∈ E and due to the assumption, it follows that g^{(t)}_{e,j} ≥ g^{(t−2)} for every e ∈ E. Suppose now that |Δ^{(t)}_e | ≥ |Δ^{(t−1)}_e | for some link e ∈ E^{(t)−}. Then, since Δ^{(t)}_e < 0 and Δ^{(t−1)}_e > 0, it holds that x_{e,j} + Δ^{(t)}_e < x_{e,j} + Δ^{(t−1)}_e + Δ^{(t)}_e ≤ x_{e,j}. Therefore, (5) implies, due to the monotonicity and convexity of ℓ_{e,j}, that g^{(t)}_{e,j} < ℓ_{e,j}(f_e) + x_{e,j}ℓ^′_{e,j}(f_e). Since e ∈ S^{(t−2)}_j , the latter quantity equals g^{(t−2)} and therefore g^{(t)}_{e,j} < g^{(t−2)}, which is a contradiction.

It follows that |Δ^{(t)}_e | = (1 − λ_e) |Δ^{(t−1)}_e | for every e ∈ E^{(t)−}, where λ_e ∈ (0, 1]. By substituting this in the inequality g^{(t)}_{e,j} ≥ ℓ_{e,j}(f_e) + x_{e,j}ℓ^′_{e,j}(f_e) = g^{(t−2)}, we obtain from (5), since Δ^{(t)}_e = −|Δ^{(t)}_e | and Δ^{(t−1)}_e = |Δ^{(t−1)}_e |, that ℓ_{e,j}(f_e + λ_e|Δ^{(t−1)}_e |) + (x_{e,j} +(λ_e − 1)|Δ^{(t−1)}_e |)ℓ^′_{e,j}(f_e + λ_e|Δ^{(t−1)}_e |) ≥ ℓ_{e,j} (f_e) + x_{e,j}ℓ^′_{e,j} (f_e) (6) from which it follows that [(x_{e,1} + λ_e|Δ^{(t−1)}_e |)ℓ_{e,1}(f_e + λ_e|Δ^{(t−1)}_e |)]^′ − [x_{e,j}ℓ_{e,j}(f_e)]^′ ≥ |Δ^{(t−1)}_e |ℓ^′_{e,j}(f_e + λ_e|Δ^{(t−1)}_e |) ≥ |Δ^{(t−1)}_e | inf_{0≤x≤d1+d2}{ℓ^′_{e,j}(x)} (7)

The left hand side of the latter inequality is at most as λ_e|Δ^{(t−1)}_e | sup

0≤x≤d_1,0≤y≤d_2

{[xℓ_{e,j}(x + y)]^{′′}}, from which it follows due to (3)

that λ_e ≥ λ. Thus, since |Δ^{(t)}_e | = (1 − λ_e)|Δ^{(t−1)}_e | holds for every e ∈ E^{(t)−} and since E^{(t)−} ⊆ E^{(t−1)+}, it holds that ∑ e∈E^{(t)−}

|Δ^{(t)}_e | ≤ (1 − λ) ∑ E^{(t−1)+}

|Δ^{(t−1)}_e | (8)

Now, the Lemma follows from (2) and (8).

Case 2. Suppose that g^{(t)} ≤ g^{(t−2)}. Consider an arbitrary e ∈ E^{(t)+}. Similarly, since Δ^{(t)}_e > 0, player j allocates on e a positive amount of flow after the execution of step t, i.e. e ∈ S^{(t)}_j . It follows that his marginal cost on e after step t is equal to g^{(t)}. On the other side, since Δ^{(t)}_e > 0, his marginal cost on e after the execution of step t − 1 was less than g^{(t)} and therefore less that g^{(t−2)}, due to the assumption. It follows that the total flow f_e has been decreased during step t − 1 by the other player, i.e. e ∈ E^{(t−1)−}. It follows that E^{(t)+} ⊆ E^{(t−1)−} ∩ S^{(t)}_j .

Since e ∈ S^{(t)}_j , it holds that g^{(t)}_{e,j} = g^{(t)}. Further, since g^{(t−2)} ≤ g^{(t−2)}_{e,j} holds for every e ∈ E, we obtain that g^{(t)}_{e,j} ≤ g^{(t−2)}_{e,j} . Suppose now that |Δ^{(t)}_e | ≥ |Δ^{(t−1)}_e |. Then, since Δ^{(t)}_e > 0 and Δ^{(t−1)}_e < 0, it holds that x_{e,j} + Δ^{(t)}_e > x_{e,j} + Δ^{(t−1)}_e + Δ^{(t)}_e ≥ x_{e,j}. Therefore, (5) implies, due to the monotonicity and convexity of ℓ_{e,j}, that g^{(t)}_{e,j} > ℓ_{e,j}(f_e) + x_{e,j}ℓ^′_{e,j}(f_e) = g^{(t−2)}_{e,j} , which is a contradiction.

It follows that |Δ^{(t)}_e | = (1 − λ_e) |Δ^{(t−1)}_e | for every e ∈ E^{(t)+}, where λ_e ∈ (0, 1]. By substituting this in the inequality g^{(t)}_{e,j} ≤ ℓ_{e,j}(f_e) + x_{e,j}ℓ^′_{e,j}(f_e), we obtain from (5), since Δ^{(t)}_e = |Δ^{(t)}_e | and Δ^{(t−1)}_e = −|Δ^{(t−1)}_e |, that

ℓ_{e,j}(f_e − λ_e|Δ^{(t−1)}_e |) + (x_{e,j}+(1 − λ_e)|Δ^{(t−1)}_e |)ℓ^′_{e,j}(f_e − λ_e|Δ^{(t−1)}_e |) ≤ ℓ_{e,j} (f_e) + x_{e,j}ℓ^′_{e,j} (f_e) (9)

from which it follows that

[x_{e,j}ℓ_{e,j} (f_e)]^′ − [(x_{e,j} −λ_e|Δ^{(t−1)}_e |)ℓ^′_{e,j}(f_e−λ_e|Δ^{(t−1)}_e |)]^′ ≥ |Δ^{(t−1)}_e |ℓ^′_{e,j}(f_e − λ_e|Δ^{(t−1)}_e |) ≥ |Δ^{(t−1)}_e | inf_{0≤x≤d1+d2}{ℓ^′_{e,j}(x)} (10)

The left hand side of the latter inequality is at most as λ_e|Δ^{(t−1)}_e | sup

0≤x≤d_1,0≤y≤d_2

{[xℓ_{e,j}(x + y)]^{′′}}, from which it follows due to (3)

that λ_e ≥ λ. Thus, since |Δ^{(t)}_e | = (1 − λ_e)|Δ^{(t−1)}_e | holds for every e ∈ E^{(t)+} and since E^{(t)+} ⊆ E^{(t−1)−}, it holds that ∑ e∈E^{(t)+}

|Δ^{(t)}_e | ≤ (1 − λ) ∑ E^{(t−1)−}

|Δ^{(t−1)}_e | (11)

Now, the Lemma follows from (2) and (11).

3 Series-parallel networks

3.1 Notation and terminology

In this section we extent our model to a series-parallel network G with source u, destination v and m edges, which is a generalization of the network presented in Section 2. We remind here the definition of such a network.

Definition 1 (Series-parallel network). A series-parallel network G is a directed network with a source u and a destination v that is defined recursively as follows:

1. The primitive series-parallel network consists of a source u, a destination v and a single directed edge from u to v.

2. The parallel composition P = P (G_1, G_2) of the series-parallel networks G_1 and G_2 is the network created from the disjoint union of G_1 and G_2 by merging the sources and destinations of them to create the source and the destination of P respectively.

3. The series composition S = S(G_1, G_2) of the series-parallel networks G_1 and G_2 is the network created from the disjoint union of G_1 and G_2 by merging the destination of G_1 and the source of G_2. The source of S is then the source of G_1 and its destination is the destination of G_2.

Similarly to Section 2, we use here the following notation for a series-parallel network G with a set E of m edges. Denote by P_G the set of directed paths from u to v and by S^{(t)}_j ⊆ P_G the support of player j after the execution of step t, i.e. the set of paths on which player j allocates a positive amount of flow. The marginal cost of player j(t) on a path P ∈ P_G after the execution of step s is denoted by g^{(s)}_{P,j(t)} = ∑ e∈P g^{(s)}_{e,j(t)}, where g^{(s)}_{e,j(t)} denotes his marginal cost on edge e ∈ E after step s, as in Section 2. Since the cost of player j(t) is minimized at step t, it follows that his marginal cost g^{(t)}_{P,j(t)} is equal to a quantity g^{(t)}_G on every path P ∈ S^{(t)}_{j(t)}, while the marginal cost on every of the remaining paths is at least g^{(t)}_G .

3.2 The potential function

Denote now by ΔG^{(t)} the difference of the flows on G between steps t and t − 1. This is a flow with value Δ^{(t)}_e on edge e ∈ E. Let furthermore P^{(t)}_G = {P^{(t)}_i }_{i∈I}(t)_G be a path decomposition of the flow ΔG^{(t)} in directed paths from u to v. Denote the flow on P^{(t)}_i by f^{(t)}_i . W.l.o.g. suppose that ∑ i∈I^{(t)}_G |f (t) i | is minimum among all path decompositions of ΔG^{(t)}. Then, the potential at step t is defined as

Φ_G(t) := ∑ i∈I^{(t)}_G

|f^{(t)}_i | ≥ 0 (12)

which equals the amount of flow that is reallocated in G during step t. Define now the subsets I^{(t)+}_G := {i ∈ I^{(t)}_G : f^{(t)}_i > 0} and I^{(t)−}_G := {i ∈ I^{(t)}_G : f^{(t)}_i < 0} of the index set I^{(t)}_G . In the case where G is a network of parallel links, the paths correspond to the links. Thus, the potential function of (12) degenerates to that of (1) and the sets I^{(t)+}_G and I^{(t)−}_G correspond to the sets E^{(t)+} and E^{(t)−} of Section 2 respectively. Since the demands of the players remain constant, it holds similarly to (2) that

Φ_G(t) = 2 ∑ i∈I^{(t)+}_G

|f^{(t)}_i | = 2 ∑ i∈I^{(t)−}_G

|f^{(t)}_i | (13)

for every t ∈ N. The following Lemma shows that also in this case the potential Φ_G(t) decreases strictly at every step t ≥ 3.

Lemma 2. It holds that Φ_G(t) ≤ (1 − λ) Φ_G(t − 1) for every t ≥ 3.

Proof. The proof will be done by induction on the structure of G. If G is a network of parallel links, then Lemma 2 follows from Lemma 1.

Suppose first that G = S(G_1, G_2) for some series-parallel networks G_1, G_2. The paths of P^{(t)}_{G1} and P^{(t)}_{G2} cover the whole flow in ΔG^{(t)}_1 and ΔG^{(t)}_2 , while Φ_{G1} (t), Φ_{G2} (t) denote the sum of the absolute flows on the paths of P^{(t)}_{G1} and P^{(t)}_{G2} respectively. Due to the definition, the values Φ_{G1} (t) and Φ_{G2} (t) are minimum among all path decompositions of ΔG^{(t)}_1 and ΔG^{(t)}_2 respectively. W.l.o.g. it holds that Φ_{G1} (t) ≥ Φ_{G2} (t). Then, extend every path P of P^{(t)}_{G2} by some paths of P^{(t)}_{G1} of the same total flow with P . We cover this way the whole ΔG^{(t)}_2 and a part of ΔG^{(t)}_1 with paths, such that their absolute flows sum up to Φ_{G2} (t). The sum of the absolute flows on the remaining paths of ΔG^{(t)}_1 equals Φ_{G1} (t) − Φ_{G2} (t). We extend all these paths of ΔG^{(t)}_1 by a single path P_0 of G_2, covering thus the whole ΔG^{(t)} with paths of total absolute value Φ_{G1} (t). It follows that

Φ_G(t) = max{Φ_{G1} (t), Φ_{G2} (t)} (14)

for every t ∈ N. Now, the induction hypothesis implies that

Φ_{G1} (t) ≤ (1 − λ)Φ_{G1} (t − 1) (15) and Φ_{G2} (t) ≤ (1 − λ)Φ_{G2} (t − 1) (16) The Lemma follows from (14), (15) and (16).

Suppose now that G = P (G_1, G_2). The networks G_1 and G_2 do not share any common edges or paths. Thus, since the cost of player j(t) is minimized at step t, it holds that g^{(t)}_{G1} = g^{(t)}_{G2} = g^{(t)}_G . We distinguish the following cases.

Case 1. Suppose that g^{(t)}_G ≥ g^{(t−2)}_G . Due to Case 1 in the proof of Lemma 1, the induction hypothesis implies for both components G_1, G_2 of G that ∑ i∈I^{(t)−}_{Gk}

|f^{(t)}_i | ≤ (1 − λ) ∑ i∈I^{(t−1)+} Gk |f^{(t−1)}_i |, k ∈ {1, 2} (17)

since g^{(t)}_{Gk} ≥ g^{(t−2)}_{Gk} . By adding the inequalities of (17) for both k ∈ {1, 2}, we obtain ∑

i∈I^{(t)−}_G

|f^{(t)}_i | ≤ (1 − λ) ∑ i∈I^{(t−1)+} G |f^{(t−1)}_i | (18)

The Lemma follows from (13) and (18).

Case 2. Suppose that g^{(t)}_G ≤ g^{(t−2)}_G . Similarly, due to Case 2 in the proof of Lemma 1, the induction hypothesis implies for both components G_1, G_2 of G that ∑

i∈I^{(t)+}_{Gk}

|f^{(t)}_i | ≤ (1 − λ) ∑ i∈I^{(t−1)−} Gk |f^{(t−1)}_i |, k ∈ {1, 2} (19)

since g^{(t)}_{Gk} ≤ g^{(t−2)}_{Gk} . By adding the inequalities of (19) for both k ∈ {1, 2}, we obtain ∑

i∈I^{(t)+}_G

|f^{(t)}_i | ≤ (1 − λ) ∑ i∈I^{(t−1)−} G |f^{(t−1)}_i | (20)

Now, the Lemma follows from (13) and (20).

3.3 Proof of Theorem 1

Proof. Recall first that the demands d_1, d_2 are scaled in the interval (0, 1]. Denote now λ_0 = 1 − λ. The flow ΔG^{(t)} can be decomposed in at most m paths in P^{(t)}_G with non-zero flow. Since player 2 moves at the second step of the game, it holds that |f^{(2)}_i | ≤ d_2 ≤ 1 for every path P^{(2)}_i of P^{(2)}_G . It follows that Φ_G (2) ≤ m. Due to Lemma 2, it holds that Φ_G(t) ≤ λ^{t−2}_0 Φ_G (2) ≤ λ^{t−2}_0 m for every t ≥ 3. Now, suppose that λ^{t−2}_0 m ≤ ε, for some ε > 0. It follows then that λ^{−t+2}_0 ≥ m�ε. Therefore, after t(ε) := ⌈log^{−1}(λ^{−1}_0 ) log(m�ε)⌉ + 2 (21)

steps the potential Φ_G is at most ε, for any given ε > 0. Thus, since λ_0 < 1 is a constant and since the potential equals the 1-norm of the difference between the configurgation vectors in two consequtive steps, the game converges in a logarithmic number of steps to a NEP and the Theorem follows.

3.4 Tight bounds

Due to (4) it holds that λ_0 = 1 − λ ∈ [^1_2 , 1) in the proof of Theorem 1. Thus, log^{−1}(λ^{−1}_0 ) ≥ 1 and for the convergence time in (21) it holds that

t(ε) ≥ ⌈log(m�ε)⌉ + 2 (22)

Consider now the special case that the player-specific latency functions are affine, i.e. for every e ∈ E and j ∈ {1, 2} it holds that ℓ_{e,j} (x) = α_{e,j}x_{e,j} + β_{e,j}, with α_{e,j} > 0 and β_{e,j} ≥ 0. Then, directly substitution in (3) implies that

λ = min

j∈{1,2},e∈E { α_{e,j} 2α_{e,j} } = 1 2 (23)

Therefore, λ_0 =^1_2 and log^{−1}(λ^{−1}_0 ) = 1. It follows that in this case equality holds in (22), which shows that our analysis is tight.

4 Concluding remarks

This paper investigates the selfish routing of two players in a series-parallel network. Each player controls a demand of flow, which can be splitted arbitrarily on the available paths between the source and the destination. The main result is the convergence of the best response dynamics to a Nash equilibrium in a logarithmic number of steps, starting at an arbitrary initial configuration. The generalization of this result to the case of an arbitrary network, as well as to the atomic game with several players activated in a round robin fashion, remains an important open question for further research.

References

1. A. Orda, R. Rom, and N. Shimkin. Competitive routing in multiuser communication networks. IEEE/ACM Transactions on Networking, 1(5):510–521, 1993.

2. J.B. Rosen. Existence and uniqueness of equilibrium points for concave n-person games.

Econometrica, 33(3):520–534, 1965.

3. O. Richman and N. Shimkin. Topological uniqueness of the nash equilibrium for selfish routing with atomic users. Mathematics of Operations Research, 32(1):215–232, 2007.

4. T. Roughgarden and E. Tardos. How bad is selfish routing? J. ACM, 49(2):236–259, 2002. 5. T. Roughgarden. Selfish Routing and the Price of Anarchy. MIT Press, 2005. 6. J.R. Correa, A.S. Schulz, and N.E. Stier-Moses. On the inefficiency of equilibria in congestion games. In 11th Conf. Integer Programming and Combin. Optim., volume 3509, pages 167–181, 2005.

7. R. Cominetti, J.R. Correa, and N.E. Stier-Moses. The Impact of Oligopolistic Competition in Networks. Columbia Business School, June 2006. DRO-2006-03.

8. D. Monderer and L.S. Shapley. Potential games. Games and Economic Behavior, 14:124– 143, 1996.

9. A. Fabrikant, C. Papadimitriou, and K. Talwar. The complexity of pure nash equilibria. In STOC ’04: Proceedings of the thirty-sixth annual ACM symposium on Theory of computing, pages 604–612. ACM Press, 2004.

10. M. Goemans, V. Mirrokni, and A. Vetta. Sink equilibria and convergence. In FOCS ’05:

Proceedings of the 46th Annual IEEE Symposium on Foundations of Computer Science, pages 142–154, 2005.

11. E. Even-Dar, A. Kesselman, and Y. Mansour. Convergence time to nash equilibria. In FOCS ’05: Proceedings of the 46th Annual IEEE Symposium on Foundations of Computer Science, pages 142–154, 2005.

12. C. Chekuri, J. Chuzhoy, L. Lewin-Eytan, J.S. Naor, and A. Orda. Non-cooperative multicast and facility location games. In EC ’06: Proceedings of the 7th ACM Conference on Electronic Commerce, pages 72–81, 2006.

13. R.W. Rosenthal. A class of games possessing pure-strategy Nash equilibria. International Journal of Game Theory, 2:65–67, 1973.

14. M.G.L. Fratta and L. Kleinrock. The flow deviation method: An approach to store-and-forward communication network design. Networks, 3(2):97–133, 1973.

15. R.G. Gallager. A minimum delay routing algorithm using distributed computation. IEEE Transactions on Communications, 25:73–84, 1977.

Aachener Informatik-Berichte

This list contains all technical reports published during the past five years. A complete list of reports dating back to 1987 is available from http://aib.informatik.rwth-aachen.de/. To obtain copies consult the above URL or send your request to: Informatik-Bibliothek, RWTH Aachen, Ahornstr. 55, 52056 Aachen, Email: biblio@informatik.rwth-aachen.de

2003-01^∗ Jahresbericht 2002 2003-02 Jürgen Giesl, René Thiemann: Size-Change Termination for Term Rewriting 2003-03 Jürgen Giesl, Deepak Kapur: Deciding Inductive Validity of Equations 2003-04 Jürgen Giesl, René Thiemann, Peter Schneider-Kamp, Stephan Falke:

Improving Dependency Pairs 2003-05 Christof Löding, Philipp Rohde: Solving the Sabotage Game is PSPACEhard 2003-06 Franz Josef Och: Statistical Machine Translation: From Single-Word Models to Alignment Templates 2003-07 Horst Lichter, Thomas von der Maßen, Alexander Nyßen, Thomas Weiler: Vergleich von Ansätzen zur Feature Modellierung bei der Softwareproduktlinienentwicklung 2003-08 Jürgen Giesl, René Thiemann, Peter Schneider-Kamp, Stephan Falke:

Mechanizing Dependency Pairs 2004-01^∗ Fachgruppe Informatik: Jahresbericht 2003 2004-02 Benedikt Bollig, Martin Leucker: Message-Passing Automata are expressively equivalent to EMSO logic 2004-03 Delia Kesner, Femke van Raamsdonk, Joe Wells (eds.): HOR 2004 – 2nd International Workshop on Higher-Order Rewriting 2004-04 Slim Abdennadher, Christophe Ringeissen (eds.): RULE 04 – Fifth International Workshop on Rule-Based Programming 2004-05 Herbert Kuchen (ed.): WFLP 04 – 13th International Workshop on Functional and (Constraint) Logic Programming 2004-06 Sergio Antoy, Yoshihito Toyama (eds.): WRS 04 – 4th International Workshop on Reduction Strategies in Rewriting and Programming 2004-07 Michael Codish, Aart Middeldorp (eds.): WST 04 – 7th International Workshop on Termination 2004-08 Klaus Indermark, Thomas Noll: Algebraic Correctness Proofs for Compiling Recursive Function Definitions with Strictness Information 2004-09 Joachim Kneis, Daniel Mölle, Stefan Richter, Peter Rossmanith: Parameterized Power Domination Complexity 2004-10 Zinaida Benenson, Felix C. Gärtner, Dogan Kesdogan: Secure Multi- Party Computation with Security Modules 2005-01^∗ Fachgruppe Informatik: Jahresbericht 2004 2005-02 Maximillian Dornseif, Felix C. Gärtner, Thorsten Holz, Martin Mink: An Offensive Approach to Teaching Information Security: “Aachen Summer School Applied IT Security” 2005-03 Jürgen Giesl, René Thiemann, Peter Schneider-Kamp: Proving and Disproving Termination of Higher-Order Functions

2005-04 Daniel Mölle, Stefan Richter, Peter Rossmanith: A Faster Algorithm for the Steiner Tree Problem 2005-05 Fabien Pouget, Thorsten Holz: A Pointillist Approach for Comparing Honeypots 2005-06 Simon Fischer, Berthold Vöcking: Adaptive Routing with Stale Information 2005-07 Felix C. Freiling, Thorsten Holz, Georg Wicherski: Botnet Tracking: Exploring a Root-Cause Methodology to Prevent Distributed Denial-of- Service Attacks 2005-08 Joachim Kneis, Peter Rossmanith: A New Satisfiability Algorithm With Applications To Max-Cut 2005-09 Klaus Kursawe, Felix C. Freiling: Byzantine Fault Tolerance on General Hybrid Adversary Structures 2005-10 Benedikt Bollig: Automata and Logics for Message Sequence Charts 2005-11 Simon Fischer, Berthold Vöcking: A Counterexample to the Fully Mixed Nash Equilibrium Conjecture 2005-12 Neeraj Mittal, Felix Freiling, S. Venkatesan, Lucia Draque Penso: Efficient Reductions for Wait-Free Termination Detection in Faulty Distributed Systems 2005-13 Carole Delporte-Gallet, Hugues Fauconnier, Felix C. Freiling: Revisiting Failure Detection and Consensus in Omission Failure Environments 2005-14 Felix C. Freiling, Sukumar Ghosh: Code Stabilization 2005-15 Uwe Naumann: The Complexity of Derivative Computation 2005-16 Uwe Naumann: Syntax-Directed Derivative Code (Part I: Tangent- Linear Code) 2005-17 Uwe Naumann: Syntax-directed Derivative Code (Part II: Intraprocedural Adjoint Code) 2005-18 Thomas von der Maßen, Klaus Müller, John MacGregor, Eva Geisberger, Jörg Dörr, Frank Houdek, Harbhajan Singh, Holger Wußmann, Hans-Veit Bacher, Barbara Paech: Einsatz von Features im Software- Entwicklungsprozess - Abschlußbericht des GI-Arbeitskreises “Features” 2005-19 Uwe Naumann, Andre Vehreschild: Tangent-Linear Code by Augmented LL-Parsers 2005-20 Felix C. Freiling, Martin Mink: Bericht über den Workshop zur Ausbildung im Bereich IT-Sicherheit Hochschulausbildung, berufliche Weiterbildung, Zertifizierung von Ausbildungsangeboten am 11. und 12. August 2005 in Köln organisiert von RWTH Aachen in Kooperation mit BITKOM, BSI, DLR und Gesellschaft fuer Informatik (GI) e.V.

2005-21 Thomas Noll, Stefan Rieger: Optimization of Straight-Line Code Revisited 2005-22 Felix Freiling, Maurice Herlihy, Lucia Draque Penso: Optimal Randomized Fair Exchange with Secret Shared Coins 2005-23 Heiner Ackermann, Alantha Newman, Heiko Röglin, Berthold Vöcking:

Decision Making Based on Approximate and Smoothed Pareto Curves 2005-24 Alexander Becher, Zinaida Benenson, Maximillian Dornseif: Tampering with Motes: Real-World Physical Attacks on Wireless Sensor Networks 2006-01^∗ Fachgruppe Informatik: Jahresbericht 2005 2006-02 Michael Weber: Parallel Algorithms for Verification of Large Systems

2006-03 Michael Maier, Uwe Naumann: Intraprocedural Adjoint Code Generated by the Differentiation-Enabled NAGWare Fortran Compiler 2006-04 Ebadollah Varnik, Uwe Naumann, Andrew Lyons: Toward Low Static Memory Jacobian Accumulation 2006-05 Uwe Naumann, Jean Utke, Patrick Heimbach, Chris Hill, Derya Ozyurt, Carl Wunsch, Mike Fagan, Nathan Tallent, Michelle Strout: Adjoint Code by Source Transformation with OpenAD/F 2006-06 Joachim Kneis, Daniel Mölle, Stefan Richter, Peter Rossmanith: Divideand-Color 2006-07 Thomas Colcombet, Christof Löding: Transforming structures by set interpretations 2006-08 Uwe Naumann, Yuxiao Hu: Optimal Vertex Elimination in Single- Expression-Use Graphs 2006-09 Tingting Han, Joost-Pieter Katoen: Counterexamples in Probabilistic Model Checking 2006-10 Mesut Günes, Alexander Zimmermann, Martin Wenig, Jan Ritzerfeld, Ulrich Meis: From Simulations to Testbeds - Architecture of the Hybrid MCG-Mesh Testbed 2006-11 Bastian Schlich, Michael Rohrbach, Michael Weber, Stefan Kowalewski:

Model Checking Software for Microcontrollers 2006-12 Benedikt Bollig, Joost-Pieter Katoen, Carsten Kern, Martin Leucker:

Replaying Play in and Play out: Synthesis of Design Models from Scenarios by Learning 2006-13 Wong Karianto, Christof Löding: Unranked Tree Automata with Sibling Equalities and Disequalities 2006-14 Danilo Beuche, Andreas Birk, Heinrich Dreier, Andreas Fleischmann, Heidi Galle, Gerald Heller, Dirk Janzen, Isabel John, Ramin Tavakoli Kolagari, Thomas von der Maßen, Andreas Wolfram: Report of the GI Work Group “Requirements Management Tools for Product Line Engineering” 2006-15 Sebastian Ullrich, Jakob T. Valvoda, Torsten Kuhlen: Utilizing optical sensors from mice for new input devices 2006-16 Rafael Ballagas, Jan Borchers: Selexels: a Conceptual Framework for Pointing Devices with Low Expressiveness 2006-17 Eric Lee, Henning Kiel, Jan Borchers: Scrolling Through Time: Improving Interfaces for Searching and Navigating Continuous Audio Timelines 2007-01^∗ Fachgruppe Informatik: Jahresbericht 2006 2007-02 Carsten Fuhs, Jürgen Giesl, Aart Middeldorp, Peter Schneider-Kamp, René Thiemann, and Harald Zankl: SAT Solving for Termination Analysis with Polynomial Interpretations 2007-03 Jürgen Giesl, René Thiemann, Stephan Swiderski, and Peter Schneider- Kamp: Proving Termination by Bounded Increase 2007-04 Jan Buchholz, Eric Lee, Jonathan Klein, and Jan Borchers: coJIVE: A System to Support Collaborative Jazz Improvisation 2007-05 Uwe Naumann: On Optimal DAG Reversal 2007-06 Joost-Pieter Katoen, Thomas Noll, and Stefan Rieger: Verifying Concurrent List-Manipulating Programs by LTL Model Checking

2007-07 Alexander Nyßen, Horst Lichter: MeDUSA - MethoD for UML2-based Design of Embedded Software Applications 2007-08 Falk Salewski and Stefan Kowalewski: Achieving Highly Reliable Embedded Software: An empirical evaluation of different approaches 2007-09 Tina Kraußer, Heiko Mantel, and Henning Sudbrock: A Probabilistic Justification of the Combining Calculus under the Uniform Scheduler Assumption 2007-10 Martin Neuhäußer, Joost-Pieter Katoen: Bisimulation and Logical Preservation for Continuous-Time Markov Decision Processes 2007-11 Klaus Wehrle (editor): 6. Fachgespräch Sensornetzwerke 2007-12 Uwe Naumann: An L-Attributed Grammar for Adjoint Code 2007-13 Uwe Naumann, Michael Maier, Jan Riehme, and Bruce Christianson:

Second-Order Adjoints by Source Code Manipulation of Numerical Programs 2007-14 Jean Utke, Uwe Naumann, Mike Fagan, Nathan Tallent, Michelle Strout, Patrick Heimbach, Chris Hill, and Carl Wunsch: OpenAD/F: A Modular, Open-Source Tool for Automatic Differentiation of Fortran Codes 2007-15 Volker Stolz: Temporal assertions for sequential and concurrent programs 2007-16 Sadeq Ali Makram, Mesut Güneç, Martin Wenig, Alexander Zimmermann: Adaptive Channel Assignment to Support QoS and Load Balancing for Wireless Mesh Networks 2007-17 René Thiemann: The DP Framework for Proving Termination of Term Rewriting 2007-18 Uwe Naumann: Call Tree Reversal is NP-Complete 2007-19 Jan Riehme, Andrea Walther, Jörg Stiller, Uwe Naumann: Adjoints for Time-Dependent Optimal Control 2007-20 Joost-Pieter Katoen, Daniel Klink, Martin Leucker, and Verena Wolf:

Three-Valued Abstraction for Probabilistic Systems 2007-21 Tingting Han, Joost-Pieter Katoen, and Alexandru Mereacre: Compositional Modeling and Minimization of Time-Inhomogeneous Markov Chains 2007-22 Heiner Ackermann, Paul W. Goldberg, Vahab S. Mirrokni, Heiko Röglin, and Berthold Vöcking: Uncoordinated Two-Sided Markets 2008-01^∗ Fachgruppe Informatik: Jahresbericht 2007 2008-02 Henrik Bohnenkamp, Marielle Stoelinga: Quantitative Testing 2008-03 Carsten Fuhs, Jürgen Giesl, Aart Middeldorp, Peter Schneider-Kamp, René :Thiemann, Harald Zankl: Maximal Termination 2008-04 Uwe Naumann, Jan Riehme: Sensitivity Analysis in Sisyphe with the AD-Enabled NAGWare Fortran Compiler 2008-05 Frank G. Radmacher: An Automata Theoretic Approach to the Theory of Rational Tree Relations 2008-06 Uwe Naumann, Laurent Hascoet, Chris Hill, Paul Hovland, Jan Riehme, Jean Utke: A Framework for Proving Correctness of Adjoint Message Passing Programs 2008-08 George B. Mertzios, Stavros D. Nikolopoulos: The λ-cluster Problem on Parameterized Interval Graphs 2008-09 George B. Mertzios, Walter Unger: An optimal algorithm for the k-fixed-endpoint path cover on proper interval graphs

2008-10 George B. Mertzios, Walter Unger: Preemptive Scheduling of Equal- Length Jobs in Polynomial Time

∗ These reports are only available as a printed version. Please contact biblio@informatik.rwth-aachen.de to obtain copies.